Abstract. We extend the concept of r-order connections on fibred manifolds to the one of (r, s, q)-order projectable connections on fibred-fibred manifolds, where r, s, q are arbitrary non-negative integers with s ≥ r ≤ q. Similarly to the fibred manifold case, given a bundle functor F of order r on (m1, m2, n1, n2)-dimensional fibred-fibred manifolds
geometry (see [KMS] ). The theory of jets and (principal) connections constitutes the geometrical background for field theories and theoretical physics (see [LR] , [MM] ).
In the present paper, an r-order connection on a fibred manifold Y → M is a section Θ . A more detailed notion of connection can be found in the fundamental monograph [KMS] .
In [K3] (see also [KMS, Section 45 .1]), given a bundle functor F of order r on (m, n)-dimensional fibred manifolds Y → M , I. Kolář [KMS, , the authors presented another general connection P (Γ, ∇) : J 1 Y → J 1 J 1 Y on J 1 Y → M and deduced that all general connections D(Γ, ∇) : J 1 Y → J 1 J 1 Y on J 1 Y → M canonically depending on Γ and ∇ form the one-parameter family tJ 1 (Γ, ∇) + (1 − t)P (Γ, ∇), t ∈ R, where the first jet prolongation J 1 Z → Z of a fibred manifold Z → M (in particular of Z = J 1 Y → M ) is always endowed with the well-known affine bundle structure with the corresponding vector bundle T * M ⊗ V Z.
In Section 2 of the present paper we observe that the curvature tensor R Γ : Y → 2 T * M ⊗V Y of Γ can be interpreted as the corresponding fibred map R Γ : J 1 Y → T * M ⊗ V J 1 Y covering the identity map of J 1 Y . So, all general connections D(Γ, ∇) : J 1 Y → J 1 J 1 Y on J 1 Y → M canonically depending on Γ and ∇ form the one-parameter family J 1 (Γ, ∇) + tR Γ , t ∈ R.
In [M1] , the second author defined a fibred-fibred manifold to be a fibred surjective submersion Y → M between fibred manifolds Y and M such that the restrictions of it to fibres are submersions. Moreover, he defined the so-called (r, s, q)-jet prolongation J r,s,q Y → Y of Y → M . In [K2] , I. Kolář observed that a fibred-fibred manifold can be defined as a fibred square in the sense of J. Pradines (see [P] ), and generalized the concept of general connections on fibred manifolds to the one of (1, 1, 1)-order square connections on fibred squares. He also defined linear square connections of order (r, s, q) on fibred manifolds.
In Section 3 of the present paper, we extend the concept of (1, 1, 1)-order square connections to the one of (r, s, q)-order projectable connections Θ : Y → J r,s,q Y on fibred-fibred manifolds (also called (r, s, q)-order square connections on fibred squares), where r, s, q are arbitrary non-negative integers with s ≥ r ≤ q. Next, we generalize the above-mentioned "construction" F(Γ, ∇). Namely, given a bundle functor F of order r on (m 1 , m 2 , n 1 , n 2 )-dimensional fibred-fibred manifolds Y → M , we construct a general connection
means of an (r, r, r)-order projectable linear connection Λ : T M → J r,r,r T M on M (i.e. linear square connection of order (r, r, r) on the fibred manifold M ). In particular, for F = J 1,1,1 we obtain a general connection
by means of a torsion-free projectable classical linear connection ∇ on M . Moreover, we observe that the curvature tensor R Γ : Y → 2 T * M ⊗ V Y can be interpreted as the corresponding fibred map R Γ :
In Section 4, we formulate and prove the main result of the present paper saying that if m 1 ≥ 2 and n 2 ≥ 1 then all general connections
and a torsion-free projectable classical linear connection ∇ on the fibred manifold M form the one-parameter family
All manifolds and maps in the present paper are assumed to be of class C ∞ . 
Remark 2.2. The most general concept of natural operators can be found in [KMS] . In particular, an FM m,n -natural operator D :
is the set of all torsion-free classical linear connections on M . The FM m,n -invariance means that
The regularity means that D transforms smoothly parametrized families of connections into smoothly parametrized ones.
Thus (because of the canonical character of the construction of D t (Γ, ∇) in Example 2.1) we have the corresponding FM m,n -natural operator D t :
J 1 (J 1 → B) for any t ∈ R. We see that the classification result [KMS, Proposition 45 .8] mentioned in Introduction can be immediately reformulated as follows.
3. On constructions on connections on fibred-fibred manifolds. In this section we extend the results presented in the previous section to fibred-fibred manifolds instead of fibred manifolds. 
The fibred-fibred manifolds of dimension (m 1 , m 2 , n 1 , n 2 ) and their local fibred-fibred diffeomorphisms form a local admissible category over manifolds (in the sense of [KMS, Section 18] ), which will be denoted by
and R m 1 and arrows being obvious projections. Let r, s, q be non-negative integers with [KMS, Section 12.19] , two fibred sec-
The correspondence J r,s,q : F 2 M m 1 ,m 2 ,n 1 ,n 2 → FM is a (regular) bundle functor in the sense of [KMS] , which is called the (r, s, q)-jet prolongation functor . This functor J r,s,q was first introduced by the second author in [M1] .
The space J r,s,q Y is also a fibred manifold over J q Y with respect to the projection p r,s,q q
The fibred-fibred manifold p r,s,q is called the (r, s, q)-jet prolongation of the fibred-fibred manifold p.
The concept of higher order connections on fibred manifolds can be extended to the one of higher order projectable connections on fibred-fibred manifolds as follows.
Definition 3.1. Let r, s, q be non-negative integers with s ≥ r ≤ q. An (r, s, q)-order projectable connection on a fibred-fibred manifold p = (p, p) :
A projectable general connection on a fibred-fibred manifold p is a (1, 1, 1)-order projectable connection Γ : Y → J 1,1,1 Y on p, or (equivalently) it is a square connection in the sense of [K2] on the fibred square p (i.e. a pair of general connections Γ : Let F : F 2 M m 1 ,m 2 ,n 1 ,n 2 → FM be a (regular) bundle functor of order r in the sense of [KMS] . The construction F(Γ, Λ) from [K3] (mentioned in Introduction) can be adapted to the fibred-fibred manifold situation as follows.
or (equivalently) the flow Exp(tX) of X is formed by F 2 M m 1 ,m 2 ,n 1 ,n 2 -morphisms. So, similarly to the fibred manifold case, the flow operator F of F lifting projectable-projectable vector fields X on p into vector fields FX := ∂ ∂t |t=0 F (Exp(tX)) on F Y (we can apply F as Exp(tX) is an F 2 M m 1 ,m 2 ,n 1 ,n 2 -map) is of order r, and then it can be interpreted as the flow morphism F :
is a projectable-projectable vector field on p. Then (as in the fibred manifold case) we have FΓ :
In particular, if F = J 1,1,1 we have the general connection J 1,1,1 (Γ, ∇) :
Y on the fibred-fibred manifold p and a (torsion-free) projectable classical linear connection ∇ on the fibred manifold p M . Now, quite similarly to Section 2, using J 1,1,1 (Γ, ∇) one can produce the following family of general connections on J 1,1,1 Y → M from a projectable general connection Γ : Y → J 1,1,1 Y on p by means of a (torsion-free) projectable classical linear connection ∇ on p M . Example 3.3. In Example 2.1, we observed that the curvature tensor 
Remark 3.4. Quite similarly to Remark 2.2, an F 2 M m 1 ,m 2 ,n 1 ,n 2 -natural operator D :
for all F 2 M m 1 ,m 2 ,n 1 ,n 2 -objects p (as above), where Con proj (p : Y → M ) is the set of all projectable general connections on the fibred-fibred manifold p,
is the set of all torsion-free projectable classical linear connections on the fibred manifold p M and Con(J 1,1,1 Y → M ) is the set of all general connections on
Thus (because of the canonical character of the construction D t (Γ, ∇) from Example 3.3) we have the corresponding
4. The main result. The main result of the present paper is the following classification theorem extending Proposition 2.3.
J 1 (J 1,1,1 → B) form the one-parameter family D t := J 1,1,1 + tR, t ∈ R.
The proof of the above theorem will occupy the rest of this section. For j = 1, . . . , m 2 and s = 1, . . . , n 2 we put [j] := m 1 +j and s := n 1 +s. Let x i , x [j] , y q , y s be the usual fibred-fibred coordinates on the trivial fibred square R m 1 ,m 2 ,n 1 ,n 2 , y
be the additional coordinates on the first jet prolongation
be the essential coordinates on the vertical bundle V J 1 R m 1 ,m 2 ,n 1 ,n 2 of J 1 R m 1 ,m 2 ,n 1 ,n 2 → R m 1 +m 2 , i = 1, . . . , m 1 , j = 1, . . . , m 2 , q = 1, . . . , n 1 , s = 1, . . . , n 2 .
The (1, 1, 1)-jet prolongation of the fibred-fibred manifold R m 1 ,m 2 ,n 1 ,n 2 can be characterized as the subset J 1,1,1 R m 1 ,m 2 ,n 1 ,n 2 ⊂ J 1 R m 1 ,m 2 ,n 1 ,n 2 satisfying the equalities y q [j] = 0, q = 1, . . . , n 1 , j = 1, . . . , m 2 . Similarly, the vertical bundle of J 1,1,1 R m 1 ,m 2 ,n 1 ,n 2 → R m 1 +m 2 is the subset V J 1,1,1 R m 1 ,m 2 ,n 1 ,n 2 ⊂ V J 1 R m 1 ,m 2 ,n 1 ,n 2 satisfying (on J 1,1,1 R m 1 ,m 2 ,n 1 ,n 2 ) the equalities
Consequently, on J 1,1,1 R m 1 ,m 2 ,n 1 ,n 2 we have the additional coordinates y
∂x [j] , and on V J 1,1,1 R m 1 ,m 2 ,n 1 ,n 2 we have the essential coordinates q = 1, . . . , n 1 , s = 1, . . . , n 2 , i = 1, . . . , m 1 , j = 1, . . . , m 2 .
The following lemma can be treated as a fibred-fibred manifold version of [M2, Proposition 2.2(a) for r = 1].
Then there exists an F 2 M m 1 ,m 2 ,n 1 ,n 2 -chart ψ on Y covering a ∇-normal fibred coordinate system on M with centre x o such that ψ(y o ) = (0, 0, 0, 0) and
If ψ is a chart having the above properties, then so is (A × B) • ψ for any A ∈ GL(m 1 , m 2 ) (= the group of fibred linear isomorphisms
Proof. Choose an F 2 M m 1 ,m 2 ,n 1 ,n 2 -chart ϕ on Y covering a ∇-normal fibred coordinate system on M with centre x o ∈ M such that ϕ(y o ) = (0, 0, 0, 0). Replacing (Γ , ∇) by ψ * (Γ , ∇), we can additionally assume that Y = R m 1 ,m 2 ,n 1 ,n 2 , y o = (0, 0, 0, 0) and that the identity map on R m 1 × R m 2 is a ∇-normal fibre coordinate system with centre (0, 0). So, one can write 
, . . . , h s j (because of the projectability ofΓ ). Now, replacingΓ by (ψ 1 ) * Γ , where ψ 1 : R m 1 ,m 2 ,n 1 ,n 2 → R m 1 ,m 2 ,n 1 ,n 2 is an F 2 M m 1 ,m 2 ,n 1 ,n 2 -map such that (defined by) v [j] ) ∈ R m 1 +m 2 and w = (w q , w s ) ∈ R n 1 +n 2 , we can additionally assume that in (4.4) we have f q i = 0 and g s i = 0, h s j = 0. Next, replacingΓ by (ψ 2 ) * Γ , where ψ 2 : R m 1 ,m 2 ,n 1 ,n 2 → R m 1 ,m 2 ,n 1 ,n 2 is a local F 2 M m 1 ,m 2 ,n 1 ,n 2 -map such that (defined by)
with the dots denoting v [j] ) ∈ R m 1 +m 2 and w = (w q , w s ) ∈ R n 1 +n 2 , we can additionally assume that in (4.4) we have e s s 1 j = 0, d s qj = 0, c s s 1 i = 0, b s qi = 0 and a1 i = 0. Finally, replacingΓ by (ψ 3 ) * Γ , where ψ 3 : R m 1 ,m 2 ,n 1 ,n 2 → R m 1 ,m 2 ,n 1 ,n 2 is a local F 2 M m 1 ,m 2 ,n 1 ,n 2 -map such that (defined by)
with the dots denoting
for any v = (v i , v [j] ) ∈ R m 1 +m 2 and w = (w q , w s ) ∈ R n 1 +n 2 , we can additionally assume that in (4.4) we have A
. Thus the proof of the main part of the lemma is complete. The last sentence of the lemma is a simple observation.
We are now in a position to prove Theorem 4.1.
, it suffices to study the F 2 M m 1 ,m 2 ,n 1 ,n 2 -natural operator ∆ corresponding to the construction ∆(Γ, ∇).
Using the invariance of ∆ with respect to the homotheties t id R m 1 ,m 2 ,n 1 ,n 2 for t > 0, the non-linear Peetre theorem (see [KMS] ) and the homogeneous function theorem one can easily observe that ∆ is of order 1 in Γ and of order 0 in ∇. Then (using Lemma 4.2, the invariance of ∆ with respect to FM m 1 ,m 2 ,n 1 ,n 2 -charts, the regularity of ∆ and the density of respective GL(m 1 , m 2 ) × GL(n 1 , n 2 )th orbits) one can rather standardly deduce that ∆ is determined by the values (contractions)
for all ρ ∈ (J 1,1,1 R m 1 ,m 2 ,n 1 ,n 2 ) (0, 0, 0, 0) and all projectable general connections Γ on R m 1 ,m 2 ,n 1 ,n 2 of the form (4.2) with coefficients satisfying (4.3) (Y One can easily see that the (local) FM m 1 ,m 2 ,n 1 ,n 2 -map ψ : R m 1 ,m 2 ,n 1 ,n 2 → R m 1 ,m 2 ,n 1 ,n 2 given by ψ −1 (v, w) = (v, (w q ) n 1 q=1 , w 1 , . . . , w n 2 −1 , w n 2 + (w n 2 ) 2 ), where v = (v i , v [j] ) ∈ R m 1 +m 2 , w = (w q , w s ) ∈ R n 1 +n 2 , preserves n 2 m 1 Y n 2 over (0, 0, 0, 0) ∈ R m 1 ,m 2 ,n 1 ,n 2 (we have y n 2 = 0 over (0, 0, 0, 0)). Then (by the invariance of ∆ with respect to ψ) the values (4.6) for all Γ satisfying (4.2) and (4.3) and all ρ as above are determined by the values (4.5) for all Γ satisfying (4.2) and (4.3) and all ρ as above.
Consequently, ∆ is uniquely determined by the values (4.5) for all Γ satisfying (4.2) and (4.3) and all ρ as above.
On the other hand, by the invariance of ∆ with respect to the "homotheties" ψ t,τ : R m 1 ,m 2 ,n 1 ,n 2 → R m 1 ,m 2 ,n 1 ,n 2 (for all t = (t i , t [j] ) ∈ R m 1 +m 2 + and τ = (τ q , τ s ) ∈ R n 1 +n 2 + ) given by
, (τ q w q ), (τ s w s ) , (4.7) v = (v i , v [j] ) ∈ R m 1 +m 2 , w = (w q , w s ) ∈ R n 1 +n 2 , we deduce (using the homogeneous function theorem) that the value (4.5) for Γ satisfying (4.2) and (4.3) and ρ as above is a constant multiple of B = 0 (4.9) for any Γ of the form (4.2) with coefficients satisfying (4.3), j, j 1 = 1, . . . , m 2 , q = 1, . . . , n 1 , i = 1, . . . , m 1 and any ρ ∈ (J 1,1,1 R m 1 ,m 2 ,n 1 ,n 2 ) (0, 0, 0, 0) . To show (4.8) and (4.9) we use the invariance of the operator R with respect to the homotheties (4.7) and then apply the homogeneous function theorem. 
